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In this ar t ic le  we obtain expressions which relate  the contact thermal  res i s tance  between s u r -  
faces with spher ical  and cylindrical  undulations to the external load imposed on them. It is 
assumed that the amplitudes of the waves obey a Gaussian distribution and that the m i c r o -  
scopic asper i t ies  have constant radius.  

In ea r l i e r  papers  relat ing to microscopic  asper i t ies  of constant [1] and variable radius [2 ], we derived ana-  
lytic expressions relat ing the value of the contact thermal  res i s tance  between rough surfaces  to the external load 
imposed on them. In the present  paper  we shall find an analogous relationship for  surfaces  with spherical  
and cyl indrical  undulations. According to [3], these surfaces  can be simulated by a set of corresponding 
waves of constant r ad ius , t he i r  heights above a cer ta in  re fe rence  plane M (Fig. 1) obeying a Gaussian d i s t r i -  
bution. The radius of the microscopic  asper i t ies  may be considered constant.  

As in [1], instead of considering contact between two s imi lar  und~at ing sur faces ,  we consider  contact 
between a smooth surface N and an undulating surface P with a cer ta in  "effective" dispers ion of the ampl i -  
tude distribution. For  a distance d between the planes M and N, the number o~waves  which come into con-  
tact  with the smooth surface will then be equal to 

C*+ro 

nl ~i V -2~ exp dC = ~ ~erfc , , (1) 

d 
erfc x = 1 - -  �9 (x), 

where ~ (x) is the probabil i ty integral  [4]. In what follows the subscript  i = 1 will r e fe r  to spherical  undula- 
tions and the subscript  i = 2 to cyl indrical  undulations. 

Spherical Undulations. According to [5], for undulating surfaces  the total contact thermal  res i s tance  
consis ts  of two components .  One is due to the contract ion of the lines of thermal  flux to a f a i r - s i zed  region 
of concentrat ion of d iscre te  contact spots,  which has the shape of a c i rc le  for  spherical  undulation and a 
str ip for  cyl indrical  undulation. The second component is due to the direct  contract ion of the lines of t he r -  
mal flux to individual contact spots.  According to the recommendat ions  of [6], the radius of the region f rom 
which the lines of thermal  flux contract  to an individual contact spot may be taken equal to 2r 0. For  A we 
find that 

A = ]/(R -4- ro) 2 - -  (R § r o - -  B i --2to) 2 ~ ]/2 (R § ro) (Bj -t-2ro). (2) 

F r o m  geometr ic  considerat ions it follows that the number of microscopic  project ions of an individual wave 
having a deformation bj (0 -< bj -< Bj) is 

(R + to) 
n 1 (bl) dbj --  8r2o dbi, (3) 

and the integrated conductivity through the d iscre te  contact spots of an individual wave will therefore  be 

j ( 0)i 1 a ~ By 3 2 

al = ~" 0 arcfg 2r o - - a "  nl (b j) db i = -~- )~ (R ~- r0) a = Vr0bj, (4) 
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Fig.  1. Model of wavy surface .  

and its total res i s tance  to heat flow may be wri t ten 
in the form 

R I =  1 arctg r~--A 1 1 i f - -  ]- 
a~ ,A ~ + a 1 -  ' q = 2 -  V ~ - ~  . (5) 

The conductivity of unit a rea  of the nominal contact 
surface  is the integrated sum of the conductivities 
through the individual waves,  i.e.,  

C*-~r o 

r ~l V "~-~ . RT l exp - -  dC. (6) 
d 

After integrating, we find 

a' = ~  ~ C*+ro--d \ R§ ] d 

•  ~ [@ V-C*-F4ro--d- VP(R~-r~176 erfc ( ~ _  1 ) - t- V2 (R-F rO)ar~ 

The external load is re la ted to the distance d between the surfaces  by the equation 

C*-kr, i" ' 

= ba./2 n (C) n (bj) dCdbp t91 \ 0,83 } 1-- ~ 
d 0 

(~lexp --  . (7) 

(8) 

f rom which it follows that 

1 [ 1  ~3/2 ( ~  N1E(R-I-ro)(C*-t-2ro--d)3/2 
(d, ~1), 

XlJ'(d' ~176 [exp (--2~.d:)--exP (--~r ) ]-- V - ~  (d--ro'erfc ( ~ ), C C'q-to , 

and the actual relat ive a rea  of contact is 

(9) 

F~=~r~ ( ~  R+r0rO NI(C*-~2r 0 - d ) ~ ( d ,  (rl). (10) 

Cylindrical Undulations. In this case 

l (R -q- ro) db i 
n (b j) ctbj = 8r~ V i R  + ro )~-  (R - -  c + b~)~' 

and the integrated conductivity through the d iscre te  contact points on the individual wave is 

(11) 

1 B i ~ / / R  + f ~ 
a~ = 3 V ~ ~,l - -  _ ~ ,  (12) 

ro fo 

which depends on the deformation of the wave Bj.  Making use of the principle of general ized conductivity, 
by a p rocess  analogous to that of [6] we find that the thermal  res is tance  of the wave is 

1 r~ l I V F ]  - (13) 

where  we take the quantity A f rom the express ion (2) as the half-width of the contact s t r ip .  It follows f rom 
(13) that 

a ; = 4  [2(R-~rol]'/4s - _ 1 (/? § ro) ~/4 

2 '13/4 C *  + r o - -  d _ _  ~ , / 4  
• (C*-[-ro--d]" | n  ro ] { 1 / _  ~_ [-~-~ (C*-t-4r o 
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- -  (d --3r0) [2 (R + r0)] I/4 /- 1 d [2 (R § 6)1 '/4 l - ~.2 exp - -  2-~-2 (14) 
z~Q V C * + r  0 - d  eric , + ~r 2 C * + r  0 - d  " 

This  equation contains the value of the dis tance between the su r f aces ,  which may  be e x p r e s s e d  in t e r m s  of 
the load by means  of the re la t ion  

1 " 1 .. 3/2 N 2 E  1 [ R + r o ~3/2 ! - - .  (15) 
1'-- ~t ~ r 0 / 

Final ly ,  the actual  re la t ive  a r e a  of contact  is 

F~--V-~ N~(R+ro) l ~ R + r o  
4 r 0 C* ~- r o - -  d T (d, a.2). (16) 

In the express ions  (7) and (14), the t e r m  with the minus sign containing a logar i thm in the square  
b racke t s  r e p r e s e n t s  the reduct ion in the conductivity of the contact between the undulating su r f aces ,  owing 
to the fact  that this contact includes a r e s i s t a n c e  due to s m a l l - s c a l e  mic roscop ic  concentrat ions of t h e rma l  
flux. It follows f r o m  (7) and (14) that this component  of the contact t h e r m a l  r e s i s t ance ,  which depends on 
the undulation and roughness  p a r a m e t e r s ,  is about two o rde r s  of magnitude less  than the component due to 
the l a r g e - s c a l e  concentra t ion of the l ines of t he rma l  flux. This  conclusion ag rees  with the r e su l t s  of [5], 
where  unit contact between two h e m i s p h e r e s  was cons idered .  

If heat t r a n s f e r  by radia t ion and through the intervening medium are  cha r ac t e r i z ed  by the coefficients  
a r a  d and a in t ,  the total  coefficient  of contact conductivity will be 

a i : a * i + ( 1 - - F ~ ) ( a r a d + a i n t ) ,  i - - l ,  2. 

As in the case  of rough su r f aces  [1, 2] , the contact t h e r m a l  r e s i s t a n c e  of undulating su r faces  will be  
exponential  in na ture ,  depending on the load. 

If in a contact  between undulating su r faces  we know what f ract ion/3  of the total  number  of m i c r o -  
a spe r i t i e s  is p las t i ca l ly  deformed,  then the r e su l t s  obtained for  c~ i and F i may  eas i ly  be genera l ized ,  as 
in [1], to the case  of e l a s t i c - p l a s t i c  contact .  We shall  show how the external  load may  be calculated in the 
case  of e l a s t i c - p l a s t i c  contact between rough sur faces~  (In what follows we shall  use  the notation of [1].) 
Fo r  the case  of p las t ic  deformat ion ,  the s t r e s s  on a m i c r e a s p e r i t y  is equal to the ha rdness  H of its m a t e -  
r ia l ,  so that the deformat ion  of the a spe r i t y  is re la ted  to the load Pi applied to the l a t t e r  by the equation 

b~ -- Pi 
2 ~ R H  

The p las t i ca l ly  deformed a spe r i t i e s  of the rough sur face  a re  subjected to a load equal to 
z* 

P pl = ~ V ~  N R H  (z - -  d) exp z2 . - -  dz = ~ V 2 - ~  N R H a  

el [oxp( ") ( )] ( x ~-~-V~ d d - -  ~ eric ~ , [3=exp - -  , (17) 

so that the total  load is equal to 
> = (l--B) P -~ Ppl, (18) 

where P is the load on the elastically deformed asperities. If we know the value of fl for the undulating sur- 
faces, then P may be calculated by a procedure analogous to that described above, taking account of (3) and 
(li). 

A numerical comparison of the resulting relations and the experimental data will not be carried out 
here, since the author has no knowledge of the results of any experiments with undulating surfaces. 

n i 

N i 
c~2 

l 

NOTATION 

r e p r e s e n t s  the number  of spher ica l  (i = 1) and cyl indr ica l  (i = 2) waves  which have come into 
contact  with the smooth  sur face ;  
r e p r e s e n t s  the total number  of cor responding  waves  pe r  unit a r ea  of nominal  contact sur face ;  
is the effect ive d i spe r s ion  of wave ampli tude distr ibution; 

1029 



C 
C* 
r 0, bj 

R, Bj 
A 

R i 
r i 

d 

Pi' Fi 

E , #  
2l 

1 

arad,  ~int 

n(C)dc 

1. 
2. 

3, 
4. 

5, 
6. 

is the wave height; 
is the maximum wave height; 
a re ,  respect ively ,  the radius of a microscopic  asper i ty  project ion and the deformation of the 
la t ter ;  
are  the radius of a wave and its deformation; 
is the radius of the large  region of contact spots for  a spher ical  wave and the half-width of the 
contact s tr ip for  a cyl indr ical  wave; 
is the thermal  conductivity of the contact zone; 
is the integrated conductivity through the contact spots of the i- th wave; 
is the total the rmal  res i s t ance  of the i- th wave; 
is the radius of the region (i = 1) and the half-width of the s t r ip  (i = 2) f rom which the lines of 
thermal  flux contract  to the large  groups of d i sc re te  contact spots; 
distance between the smooth surface  and the s tandard plane of the undulating surface;  
a re  the external  load on the contact between the two sur faces  with the i- th undulation and the 
actual re la t ive  a rea  of contact between them; 
a re  the modulus of e las t ic i ty  and the Poisson rat io  for  the mater ia l  of the asperi ty;  
is the unit length of cyl indrical  wave; 
is the conductivity of the contact between two surfaces  with s imi la r  undulation; 
a re  the coefficients of heat t r ans fe r  by radiat ion and through the intervening medium; 
is the total coefficient of contact conductivity; 
is the Gaussian distribution function for  the wave ampli tudes.  
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